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TL;DR: “We reinterpret canonical forms of popular tensor networks as conditions over circuits,
unlocking more factorization structures supporting efficient variable marginalization”
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A tensor train

ψ(x1, x2, x3) =
∑R

i1=1

∑R

i2=1
ψ1[x1, i1] ψ2[i1, x2, i2] ψ[i2, x3]

Tensor factorizations and tensor networks are circuits [1]
We flexibly build tensor factorizations as neural networks
by stacking sum and product computational units [2]
Encode probability distributions via the Born rule

p(X) ∝ |ψ(X)|2 = ψ(X)ψ(X)∗

Complexity of variable marginalization isO(R2) …
… but it is simplified by using canonical forms [3, 4]

e.g., ψ†
1ψ1 = IR

∑
x2
ψ2[:, x2, :]

†ψ2[:, x2, :] = IR

=⇒ computing p(x3) requires timeO(R)
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Modeling distributions by squaring circuits
p(x) = Z−1|c(x)|2 = c(x)c(x)∗ (Born rule)
Provable expressiveness improvements… [5, 6]
…but variables marginalization requires timeO(|c|2)
How to speed-up marginalization in squared circuits?
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Orthonormality ensures linear-time marginalization

P1. input functions overX form an orthonormal basis
P2. each sum unit partitions its set of input basis
Computing p(Z), Z ⊆ X, can be done in timeO(|c|)

X = (X3, (X1,X2))
X = (X3, (X1,X2)) = ((X1,X3), X2)

Enable polytime marginalization in factorization
structures encoding multiple variables partitionings
Unlock a strictly larger set of factorization structures [7]

U1. input layers overX encode orthonormal basis
U2. each sum layer parameterW satisfiesWW† = I
U3. each sum layer partitions its set of input layers
Ensures the partition function isZ =

∫
|c(x)|2 dx = 1
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Speed-up training on large circuits

Learning by maximum-likelihood estimation…
min logZ −

∑
x∈D 2 log |c(x)|

…by optimizing over the Stiefel manifold
and by using a preliminary version of POGO [8]

107 108

1.20

1.25

1.30

te
st

b
p

d

MNIST

⊥2
C
±2
C

107 108

3.5

3.6

FashionMNIST

non-str-dec

⊥2
C

# parameters

Our conditions retain distribution estimation
performances with up to 1B parameters
when compared to unconstrained squared
circuits and at parity of model size
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